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ABSTRACT: We develop the derivation we proposed in [B7] of the dressing phase of the
S-matrix in the AdS/CFT correspondence in the framework of the underlying bare inte-
grable model. We elaborate the configuration of the Bethe roots describing the physical
vacuum, which consists of a long Bethe string stretched along the imaginary axis and stacks
distributed along the real axis. We determine the distribution of all Bethe roots in the
thermodynamic limit. We then directly compute the scattering phase of the fundamental
excitations over the physical vacuum and reproduce the BHL/BES dressing phase.

KEYwoRrDS: |JAdS-CFT Correspondence, Bethe Ansatz, Exact S-Matriy.

© SISSA 2007 http://jhep.sissa.it/archive/papers/jhep122007044 /jhep122007044 .pdf


mailto:sakai@phys-h.keio.ac.jp
mailto:ysatoh@het.ph.tsukuba.ac.jp
http://jhep.sissa.it/stdsearch

Contents

il. Introduction

& =

[D)]

S-matrix and nested Bethe ansatz equations

Bl Bethe root configuration of the physical vacuum
B.] General structure
B.3 Configuration of the central Bethe roots
Formation of stacks
B4 Distribution of stacks

4. Excited states and computation of the scattering phase
[ Fundamental excitations
B3 The dressing phase

Bl. Discussion

=

@. Effective momentum phase

1. Introduction

Integrability has been providing us with new insights into the duality between the N/ = 4
super Yang-Mills theory and the superstring theory in AdSs x S°. After the discovery of
integrability in the one-loop super Yang-Mills theory [, f] and in the classical superstring
theory [[], a lot of progress has been made toward the all-order/quantum integrability in
the full theory of the planar AdS/CFT correspondence. As a monumental result, there
has emerged a novel integrable model [ff, ] which is expected to describe the spectrum
of the infinitely long Yang-Mills operators as well as that of the infinitely long quantum
strings [{—H, at arbitrary values of the t Hooft coupling constant \.

The integrable model is characterized by the dispersion relation [[] and the S-matrix [H,
[, [LT]] of the fundamental particles. The system exhibits the centrally extended psu(2|2) @
psu(2|2) symmetry. Remarkably, the symmetry completely determines the dispersion re-
lation and also the S-matrix up to an overall scalar factor [f]. Given the scalar factor as
a function of the momenta and the coupling, one can systematically study the spectrum
of the system by making use of powerful techniques developed for conventional integrable
models, such as the Bethe ansatz.

The determination of the scalar factor, or equivalently its principal part called the
dressing phase, was one of the main outstanding problems in this field. The entire ex-
pression of the dressing phase as the strong coupling expansion was first constructed [[[2]



so that it satisfies the crossing symmetry [[[3J] and includes the previously known first two
terms [[[4- 7 which reproduce the semi-classical string spectrum. Subsequently, a sys-
tematic way of its determination as the weak coupling expansion was presented [I§: The
problem can be rephrased in terms of the cusp anomalous dimension [[l9] where the tran-
scendentality principle [B(], with some empirical rules, fully determines the dressing phase
up to an overall multiplicative constant. The constant is readily singled out by comparison
with either the perturbative computation [PJ] or the strong coupling result [IJ]. Ultimately
the weak coupling result is identified with the strong coupling one by a sort of analytic
continuation [[[§, R3] and is nicely expressed in a closed integral formula. We call it the
BHL/BES dressing phase after the authors of the articles [[3d, [[§]. Its properties, such
as the pole structure [RJ] as well as the strong coupling limit [R4-R7], have been further
studied.

Despite the success in the determination, the clear understanding of the scalar factor
was still lacking. The above procedures do not explain why the scalar factor should exhibit
its particular structure. It is also unsatisfactory that these procedures require some model-
specific computation of the string/gauge theory. Although there are some interesting results
explaining part of its structure 23, B§-B0], one would desire a comprehensive explanation.

Let us recall here that in the field of integrable models, there are two well-known
approaches for the computation of the S-matrices: One is called the factorized bootstrap
program or the phenomenological computation [BI]], the other is called the direct calcula-
tion, the microscopic derivation or the Bethe ansatz technique [B3-[B4].

The former approach is to compute the S-matrices as an inverse problem. In two-
dimensional massive relativistic integrable models, two-body S-matrices of the fundamental
particles satisfy the unitarity, the factorizability, and the crossing symmetry. These condi-
tions constrain the form of the S-matrices up to the CDD ambiguity. The ambiguity can be
removed by some additional requirements, such as the absence of the poles corresponding
to unphysical particles.

The latter approach is to compute the S-matrices as a direct problem. For example, in
the anti-ferromagnetic Heisenberg spin-chain the physical vacuum is the anti-ferromagnetic
state rather than the ferromagnetic state. The anti-ferromagnetic state is realized as a
nontrivial solution of the bare Bethe ansatz equations built over the ferromagnetic reference
state. In other words, the physical vacuum is constructed by filling up the Dirac sea over
the bare vacuum. The R-matrix describes the scattering of the magnons, which are the
fundamental excitations over the bare vacuum. On the other hand, the S-matrix appears
as the scattering matrix of the spinons, which are the fundamental excitations over the
physical vacuum.!

The above mentioned determination [[[2] of the scalar factor of the AdS/CFT S-matrix
basically followed the former bootstrap program. It is natural to expect that one could

!The R-matrix (the scattering matrix of magnons) is proportional to the S-matrix and has a trivial
scalar factor. It also satisfies the unitarity, the factorizability, but does not satisfy the crossing symmetry.
In the latter approach one does not assume the crossing symmetry anywhere. Instead, the S-matrix, which
describes the physical scattering, becomes crossing-symmetric automatically, even though one starts from
the crossing-non-invariant R-matrix.



determine the scalar factor alternatively by the latter direct computation. The idea of such
nontrivial structure of the physical vacuum in the context of the AdS/CFT correspondence
has been sometimes considered [B§]. A concrete hint was observed in a computation of
all-order anomalous dimensions [B. The authors of [Bf] derived the integral equation
describing the all-order anomalous dimensions of field strength operators and found that
there appear integral kernels very similar to those describing the scalar factor. Such kernels
are generated by the elimination of density functions of Bethe roots at nested levels. In
our previous article [@], we demonstrated that a certain configuration of the Bethe roots
at nested levels indeed generates the dressing phase in the all-order Bethe equations.?

In this article, we investigate in detail this microscopic formulation of the AdS/CFT
S-matrix. After a brief review of the S-matrix and the all-order Bethe equations in sec-
tion 2, we present in section 3 the whole configuration of the Bethe roots describing the
physical vacuum. The configuration consists of a long Bethe string stretched along the
imaginary axis and stacks distributed along the real axis. The former part corresponds to
the configuration of a pulsating string, while the latter is analogous to the vacuum configu-
ration of the Hubbard model in the attractive case. We determine the density distribution
of the stacks. In section 4, we subsequently compute the density of stacks in the presence
of fundamental excitations. Using this, we directly compute the S-matrix as the two-body
scattering matrix of the fundamental excitations over the physical vacuum, to find precisely
the BHL/BES dressing phase [[[3, [[§]. Section 5 is devoted to a discussion. The derivation
of the effective momentum phase of stacks is presented in appendix A.

2. S-matrix and nested Bethe ansatz equations

Let us start our discussion with an introduction of some notations. The S-matrix is most
concisely expressed with the help of the following parametrizations

F(u) = z(u £ %), z(u) = % <1 ++/1-— 4gQ/u2) . (2.1)

Here u is an analogue of the rapidity parameter and

9= \4/—5 (2:2)

is the normalized coupling constant. In terms of these parameters, the momentum p of a
fundamental particle is expressed as

e ="—. (2.3)

The scattering matrix appearing in the context of the AdS/CFT correspondence ex-
hibits the following tensor product structure

S(pr,p;) = So(pr, p;)*[R(pr: pj) ® Rlpr,p))], (2.4)

2 After the submission of our previous article [E]7 there appeared a similar computation in the revised

version of [@] While the mechanism of the generation of the dressing phase is essentially the same, their
formulation looks conceptually different from ours. For instance, there appear Bethe roots at the nested
levels twice as many kinds as ours.



where R(py, pj) is the su(2]2) invariant R-matrix of size 16 x 16 and So(px, pj)? is the overall
scalar factor. The form of the R-matrix is completely determined by the symmetry [f, [L0].
There are some variations of the canonical form of the R-matrix, depending on the choice
of the basis. Here we adopt the string theory basis [[LT] so that the R-matrix satisfies the
ordinary Yang-Baxter algebra.

The overall scalar factor is conventionally expressed as

- _ .+ 2 /0t =
5 2 T 1—g°/zy a;
0Pk, Pj)” = = =T

zy —x; 1= g /oy @

62i«9(uk,uj) (25)
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where 20(ug,u;) is called the dressing phase [[4]. If we regard the S-matrix (2:4) as the
scattering matrix of physical particles, the dressing phase turns out to be a nontrivial
function. Its form was recently determined [[J, [§. Let us call it BHL/BES dressing
phase. It is expressed as

o0 < 1w [ VR L R APS -
205 ys (g, ;) =2z'g2/ dte”“keé/ dt' et wie='5 (Kd(29t, 2gt") —Kd(2gt/,29t)>,

—00 —00

(2.6)
where the Fourier transform is a skew combination of the dressing kernel
R o0 R " .
Kq(t,t") = 8¢° / dt" K1 (t,2gt") — 1K0(29t”,t’). (2.7)
0 e -
The constituent kernels are given by
S tJy(t t) —t' Jo(t t/ - t'Ji(t ') —tJy(t t/
Ro(t 1) = Ji(t)Jo(t') — ' Jo(t) S ( )7 Ryt 1) = Ji(t)Jo(t') — tJo(t)Ji( )7 (2.8)
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where J,,(t) are Bessel functions of the first kind.

The goal of the present article is to derive this BHL/BES dressing phase in the context
of the underlying bare integrable model. In other words, we describe the system starting
from a bare vacuum where the scattering matrix of the fundamental excitations has the
same structure as (R.4)-(R.§) but with the trivial dressing phase

20bare (g, uj) = 0. (2.9)

In the bare description, the physical S-matrix can be computed as the scattering matrix of
the fundamental excitations over the Fermi surface.

Given the form of the S-matrix, one can derive a set of Bethe ansatz equations. Let
us consider the system of N particles in a periodic one-dimensional box of length L. We
impose integrability of the system, namely the condition that any multi-body scattering
is factorized into a product of two-body scatterings described by the above S-matrix. For
simplicity we consider the case of zero total momentum

N
P=> p;j=0. (2.10)
j=1



The consistency conditions for the periodicity give rise to the Yang equations

N
L~ ] Sk py)- (2.11)
J#k
These matrix equations are diagonalized with the help of the nested Bethe ansatz. Com-
bined with the momentum condition (B.10), the nested Bethe ansatz equations can be
expressed as the asymptotic all-order Bethe ansatz equations [

Ky .

1= H# (2.12)
j:l Ly j

i K
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The length L and the number of particle N are interpreted as
1
L:J—K4+§(—K1+K3—|—K5—K7), N = Ky. (2.20)

We refer to [f, [0, BY, for the details of the derivation.

3. Bethe root configuration of the physical vacuum

In the bare description, physical states are characterized by solutions of the bare Bethe
ansatz equations, that is, the simultaneous equation (R.12)-(R.19) with the trivial dress-
ing phase (R.9). In this section we present a particular solution that should express the

nontrivial physical vacuum state.



3.1 General structure

The configuration consists of the following occupation numbers of bare Bethe roots?
(Ky,...,K7)=(2M,M,0,2M,0, M,2M). (3.1)

For the vacuum state the configuration of Bethe roots must be symmetric with respect to
the interchange of the two su(2|2) sectors: distribution of roots uj ,ugk, us  is just the
same as that of w7y, ue k, us i, respectively. Regarding this symmetry, we mostly omit to
mention the former copy of roots hereafter.

The vacuum has to be neutral with respect to the pair of su(2|2) symmetries. This
restricts the relative numbers of the Bethe roots to be Ky = K5 + K7 = 2Kg4. It can be
understood as follows: We restrict ourselves on one of the su(2|2)’s. Let [n;;ne] denote
the two su(2) charges, by which we mean the Dynkin indices with respect to the bosonic
subalgebra su(2) @ su(2) C su(2|2). A bosonic root uy creates a magnon with charges
[1;0]. Either of fermionic roots us or u; converts the magnon charges [1;0] to [0;1]. A
bosonic root ug flips the latter su(2) spin down, namely it converts [0; 1] to [0; —1]. Either
us or uy converts [0; —1] to [—1;0]. In other words, us and u; have charges [—1;1] while
ug has charges [0; —2]. It then follows that a state with general excitations has charges
[K4 — K5 — K7; K5 + K7 — 2K6]

The distribution among K5 and K7 is not determined by the neutralness of the vacuum,
since the Bethe roots us and w7 originate in the same nested level of diagonalization [f]
and thus carry the same su(2]2) charges. In fact, the Bethe roots z7j are introduced by
the relabeling 7 = ¢?/x5 [[] in order to recover the seven sets of equations (B-19)—(R-19)
out of five [f, Bl

Distinction of the roots us and wy arises in connection with the su(2,2[4) one-loop
Bethe equations. For a general value of u, the value of z(u) has an ambiguity of the square
root branch (BJ)). The branch of x5 and z7 are chosen so that xs,z7 approach us,uz,
respectively, in the one-loop limit ¢ — 0. In other words, we relabel x5 and x7; through
the relation 7 = g?/z5 so that all 25’s and w7’s satisfy |zs| > g, |v7] > g. The vacuum
configuration has no x5 root, hence all the roots at the nested levels decouple from uy’s
in the one-loop limit. The set of occupation numbers (B.1) are not allowed for the one-
loop Bethe equations. The vacuum configuration is characteristic of the all-order Bethe
equations.

When we derive the dressing phase, we send both J and M to infinity. However, for
the purpose of studying the vacuum configuration, it is convenient to take the limit J — oo
first while keeping M sufficiently large but finite. We postpone taking the limit M — oo
until we discuss excited states in the next section.

In what follows we will specify the whole configuration of the bare Bethe roots.

3The occupation numbers (@) satisfy the condition K2 < K1 + K3 < K4 > K5 + K7 > Kg required for
the all-order Bethe ansatz equations. (This condition follows from the consistency of nested Bethe ansatz.
See, e.g. [@]) On the other hand, they are outside the bound K; < Ky < K3 < K4 > K5 > Kg > K7
required for the one-loop Bethe ansatz equations. This means that the vacuum configuration is characteristic
of all-order Bethe ansatz equations and becomes singular in the one-loop limit.



3.2 Configuration of the central Bethe roots

In our previous article [B7], we discussed mostly the configuration of Bethe roots other
than the u4 roots, which is the most essential part of the derivation of the dressing phase.
Here, we further specify the precise configuration of the u4 roots of the vacuum state.
The configuration of u4’s is extremely simple when we see it on the w-plane. For
J — 00, it is given by
Ug | = /;?Z (3.2)

in terms of a shifted index k = k — M — %, which runs over

3 3 1
- M ——- M- - .
M =S M- o (33)

~ 1
This configuration looks like nothing but a conventional Bethe string of length 2M. In the
present case, however, it is not enough to specify only the values of u4 ;’s because for each
T4 there is a choice of two branches of the square root (R.IJ). We choose them in such a
way that Im xik >0, Imz, , <0 for all roots. In other words, the vacuum configuration

is completely specified on the x-plane. Explicitly, it is given by

. 2
+ 1 ~ 1 ~ 1
=—|kx_- =% k£ 492 | . 3.4
che=g [Fe5 \/ (Feg) +1g (3.4
Note that the distribution (B.2) on the u-plane is common to the magnon bound state [[0].
For that state, however, the choice of branches is xik =ay . fork=1,...,2M —1 and

Imay; <0, Im xZQM > 0, which is different from (B.4).

Several comments are in order. First, it is very natural that the configuration is simple
and, in particular, does not have any continuous modulus parameter. There is only one
discrete parameter, the number of uy roots 2M, which will be eventually sent to infinity.

Second, the vacuum configuration (B.9) for large M is transparent when scattered
with extra w4 roots. More precisely, when one scatters an extra root u4 with the vacuum
configuration (B.J), it gains a scattering phase against each constituent uy . However,
there occurs cancellation and thus the total scattering phase is

ﬁU4—U4,j+Z‘_U4+(M+%)Z‘ ug + (M —

- . 3.5
Uy — Ugj — 1 U4—(M—|—%)ZU4—(M— (3:5)

j=1

which becomes trivial in the large M limit. This property is common to the magnon bound
states and is crucial later in the computation of the dressing phase where we in fact add
extra ug roots to the vacuum. On the other hand, in contrast to the case of the magnon
bound state, there occurs no cancellation in the parts where x4 ;’s appear explicitly in
the Bethe equations. This is necessary for having a sufficient number of stack solutions;
otherwise such a cancellation in (R.19) decreases the number of solutions of uy . satisfying
|z7 k| > g less than 2M .

Third, the vacuum solution is characteristic of the all-order Bethe ansatz equations:
If we take the one-loop limit g — 0, the configuration (B.4) becomes singular, which is in



accord with the fact that the dressing phase vanishes in this limit. This is again in contrast
to the magnon bound state, which survives for ¢ — 0 with each pair of xfk approaching
g )2, ’

Some readers might wonder whether the above Bethe string with the present branch
choice really exists, though it solves the Bethe equations in the limit J — oo, and how to
understand such a singular behavior in the one-loop limit. To answer this question, it would
be instructive to consider the configuration temporarily in the physical Bethe equations,
where we can make use of the correspondence with classical strings. The deviation due
to the presence of the dressing phase is within the error of the string hypothesis and
is negligible for J — oo. Let us consider the thermodynamic limit J — oo, keeping
g, M proportional to J, and introduce a rescaled spectral parameter £ = x/g. On the
Z-plane the imaginary roots (B.4) form two condensates [—ib, —ib~'], [ib~!,ib] with b =
M/2g + +/(M/2g)? + 1. Because the configuration is symmetric under the interchange
T < 1/%, the corresponding classical string lives in the S? x R sector [i]]. There are few
candidates for the solution in the S? x R sector with only one modulus b. We identify it as
a pulsating string [[4, 3, 2] (see also [, fd]). Pulsating string is an elliptic solution and
has a continuous elliptic modulus k£ and a discrete winding number. The winding number
is read from the density of the imaginary Bethe roots on the u-plane, which is 1 in this
case. Given the winding number, the elliptic modulus k is determined by b. When we send
M to infinity, b also goes to infinity and k approaches 0. Thus the configuration (B.4)
with large M corresponds to the rational limit of the pulsating string. It sweeps the S? at
almost constant speed with high frequency.

An unusual feature of this configuration is that the condensates run across the unit
circle on the Z-plane. Such a solution is precisely an exception to the general correspondence
between classical strings and solutions of the one-loop Bethe equations 2, {7, Eg).

Pulsating string solution has zero angular momentum in the S2. This is akin to the
neutralness of the anti-ferromagnetic state in a spin-chain.

3.3 Formation of stacks
In our vacuum configuration, the Bethe roots ug and u; form stacks [B7]

? ?

5, U772k=u67k—§, for k:L...,M. (3.6)

U7 2k—1 = Ugk +

Without knowing the bare Hamiltonian, one cannot verify that this configuration really
corresponds to the ground state. However, most likely it does, by analogy with the Hubbard
model. The Bethe equations (R.1§)—(R.19) resemble very much the Lieb-Wu equations
for the one-dimensional Hubbard model. The vacuum of the Hubbard model was well
studied g, pd]. In the attractive case, the vacuum consists of precisely this kind of
stacks [B(], namely a kind of k—A strings [F1]. Note that this kind of stack also appears in
the description of the field strength operators Tr FE Bd.

4Although one can take k arbitrarily small, it cannot be strictly zero as far as the winding number is
nonzero. The strictly rational case £ = 0 corresponds to zero winding number, which looks no longer a
pulsating string but rather a point-like string.



Multiplying Bethe equations for u7 ox—1 and for u7 o) together, one obtains the following

set of Bethe equations

2 /.t + 2/ + M .
9/ ToxTag L~ 97 Tk Tay T Uek — Us + i

42/t - a2 ) - _ -
1= g*/wgpay; 1= 9% /g Ty 5y, Yok — U6 — 1

oM | _

-]

J=1

(3.7)

They can be viewed as effective Bethe equations for ug; denoting the centers of stacks.

3.4 Distribution of stacks

Given the configuration of xfk, (B-1) can be viewed as Bethe equations for a single kind of
Bethe roots with a regular form of self-interaction:

M

6i<I>(u6,k) — H Ue,k — Ub,j +Z: ’ (3.8)
itk uﬁ,k — u67j —1
where -, .
2 — 2/~ -
o 1 1—g /%‘,k%,j 1—g /mﬁ,k%,j 20
(uﬁ,k)—gznl_ 2t a1 — ¢ la, x) (3.9)
4 97/ Tg 1 Ly 5 97/ T 1 Ly 5

is regarded as the virtual momentum phase. For sufficiently large M, one can evaluate this
phase function by approximating sum by integral. We relegate the detail of calculation to
appendix A. If we take M and u sufficiently large compared to the coupling constant g,
the phase function approaches a reasonably simple form

M2
O(u) =2M [2 arctan % + % In (1 + F)} . (3.10)

An important property of the function ®(u) is that it is a monotonically increasing function.
This is clear from the form of its derivative

®'(u) = 2In (1 - Aj—j) : (3.11)

The Bethe equations (B.§) are thus analogous to those of the one-dimensional Bose gas
with repulsive J-function interaction or those of the s((2,R) spin-chain.
The Bethe equations (B.§) can be written in the logarithmic form

M
2mng = P(ug) + 2 Z arctan(ug — u;). (3.12)

J#k
We often abbreviate ug . as uy hereafter. The mode number n associated with the root
uy, takes integer /half-integer value, depending on M is odd/even, respectively. Since the
r.h.s. is monotonically increasing as a function of wy, it follows that ng > n; for u; > u;.
For the vacuum configuration, we consider consecutive set of mode numbers. One can
always relabel the uy roots so that u, > u; for & > j. The mode numbers for the vacuum

configuration are then given by

M-1 M-3 M-3 M-1
,— e ) for k=1,..., M. (3.13)
2 2 2 2

ne = —



In contrast to the case of the anti-ferromagnetic vacuum of the Heisenberg chain, the
present configuration does not correspond to the maximal filling over the real axis. In
other words, the support of the distribution of u;’s is a finite interval. One can see this as
follows: If the real axis were occupied by uq,...,ups, an extra real root with mode number
(M +1)/2 would have to sit at u = oo [BJ]. However, for uy = oo the r.h.s. of (.13) would
take (3M — 1) and thus u; < oo for 2mn; < (3M — 1)7, which is contradictory to the last
argument.

We are interested in the distribution of uy’s in the large M limit. From the form of
the potential (B.10), we see that the characteristic length of the distribution of uy’s is of
order M. Regarding this, let us expand the summand of the interaction term in (B.12) as

1 1
" N_ T )t O — 3.14
arctan(uy, — ;) 281gn(uk ) Uk — Uj <(uk - uj)3> ( )

and evaluate the summation term by term. One finds that the sum of the first term

precisely gives rise to the mode number

M

1 :

5 E sign(uy — uj) = ny, (3.15)
ik

while the sum of the lower order terms after the second one becomes negligible. The Bethe

equations (B.13) then reduce to

1
O(ug) =2) - (3.16)
In the continuous limit, one can replace the sum by the principal-value integral and obtains

O(u) = 2]13 plo)dv. (3.17)

_B U—UV
where we introduce the density function as
M
plu) =Y 5(u — uy). (3.18)
j=1

As we mentioned above the density has a finite support, which is denoted by [—B, B].
The integral equation (B.17) can be solved by the inverse Hilbert transformation

1 (B |B2—u2 ®(v)dv
= — . 1
plu) 272 ][B B2 -2 v—u (3.19)

The endpoints =B are determined by the normalization condition

B
/ p(u)du = M. (3.20)
-B

By evaluating these integral expressions, one obtains the distribution of the stacks.

,10,



For our later purpose, let us estimate the order of B with respect to M. It is convenient
to rewrite the above equations in terms of the rescaled variables

u= Mi, B=MB. (3.21)

We also introduce the normalized functions

d(0) = 2 [2 arctan @ + @ In (1 + %)} (3.22)
1 M
pli) = — ; 8@ — @), (3.23)

which are related to the original functions by
Bu) = ME(@),  plu) = Mj(). (3.21)

In terms of these rescaled quantities, the integral equation (B.17) gives rise to

(i) = 2][B pLo)dT. (3.25)

_p U—7

This equation is formally the same as (B.17), thus the solution is given by (B.19) with all
quantities replaced by the rescaled ones. Note that M-dependence now enters only through
the endpoint value B, which is determined by the normalization condition

/ pla)di = % . (3.26)

It is clear that B becomes small as one sends M large. This means that for large M, p(a)
is determined by the form of c13(11) only at small 4. Except for the very vicinity of the
origin, @(ﬁ) at small @ roughly behaves as a linear function

~ 1
O(@0) ~ 4iln = (3.27)
By

where By ~ B is a typical scale. With this approximation one can analytically solve the
integral equation and obtains

(@) ~ % <ln B%) VB2 — a2, (3.28)

The normalization condition (B.2() now reads

_ 1 1
B?ln — ~ —. 3.29
B~ M (3.29)

Ignoring the correction coming from the logarithm, one finds that B roughly scales with
M~Y2, Thus the original B roughly scales with M/2.

— 11 —



4. Excited states and computation of the scattering phase

In this section we consider excited states and compute the two-body S-matrix of fundamen-
tal excitations. By making use of the underlying symmetry, the S-matrix can be written
most generally in the form of the spectral decomposition. As the symmetry fixes the form
of the projectors, it is enough to determine the eigenvalues in front of the projectors. For
example, the su(2) Zamolodchikovs’ S-matrix is constructed by computing the scattering
phases with respect to the triplet and the singlet. In the present case, the centrally ex-
tended su(2|2) algebra possesses a peculiar feature that the tensor product of a pair of
4-dimensional atypical representations is irreducible [[LJ]. Therefore it is enough to com-
pute only one scattering phase of a pair of fundamental excitations in a representative
state.” This allows us to restrict our consideration of excited states to those with only wuy
roots added.

4.1 Fundamental excitations

Let us consider excited states by adding extra uy roots to the vacuum configuration. We
let wy ) denote the extra roots and Ny be their total number. The occupation numbers

read
(Ky,...,K7)=(2M,M,0,2M + N4, 0, M,2M). (4.1)

We keep the structure of the other roots unchanged, namely the other 2M wy4’s constitute
the Bethe string with the branch choice (B.4), and the ug’s and the uz’s form M stacks
with consecutive mode numbers. In this subsection let us determine the deviation of the
density of stacks for fixed wy’s.

The effective Bethe equations for the centers of stacks read

M
2mng = Pex(ug) + 2 Z arctan(uy — u;), (4.2)
i#k
with mode numbers (B.I3). The only difference from (B.19) is the momentum phase
Dex(u) = ®(u) + ¢(u), (4.3)

where the modification part is given by

Ny 2/ 4 - 2/~ .-
1 L—9%/xgpya; 1 =97 /261 Yaj

R (1
i -9 /%,k Y179 /%‘,k Ya,5

with yiﬁj = 2% (wy,;). By taking the derivative with respect to uy, ([£3) gives rise to
B,
ex d'U
2T Pexc =@ ) M 4.5
T Pex (1) ex(u) + /_Bex (u— U)2 +1° (4.5)

5The computation presumes that the physical vacuum is a singlet. In the last section we constructed
the vacuum as a neutral state under the pair of su(2|2) symmetries. For the centrally extended algebra,
however, the state has to be neutral with respect to the central charges as well. We define the action of
the central charges in our bare integrable model so that the physical vacuum has zero central charges, by
shifting one of the central charges of the reference vacuum.
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where pex(u) is the density function of the centers of stacks under the modified momentum
phase. Apparently, one could derive the same integral equation for the vacuum density p(u)
with the vacuum phase ®(u). Subtracting it from ([.§), one obtains an integral equation
for the density deviation o(u) = pex(u) — p(u), as follows

oo (u) = ¢ (u) + 2/B (u‘i Tt </ N /B> uﬂi(gl - (4.6)

We consider the large M limit keeping the other parameters wyy, Ny fixed. In this
case the second integral is negligible: The fluctuation of the overall shape of ®(u) should
be suppressed at most within the change of M to M + AM with AM = O(1). Then the
deviation of B ~ M'/? is at most AB ~ (M + AM)Y/? — M'/2 ~ M~Y2AM. On the
other hand, we saw in the last section that p(u) ~ In(M/By)v B? — u?. Then the second
integral is suppressed by In(M/By)BY?(AB)3/? ~ M~'/21n M, which vanishes when M is
sent to infinity. After all, in the limit M — oo we obtain

2o (u) = ¢’ (u) + 2 /OO % . (4.7)

This integral equation is solved in the Fourier space [[9, Bf]. Using the techniques in
the appendix D of [I9], one can derive the following formulas®

o0 o0
In (1 —¢*/z%(u)2® (') = 292/ dtei“‘tet/Q/ dt' e V2 H (291, 291, (4.8)
0 0

o0 o0
In (1 —¢*/z%(u) 2T (') = —292/ dtei“‘tet/Q/ dt' e V2K (291, 291, (4.9)
0 0
where the integral kernels are expressed in terms of Bessel functions J,,(t) by

J1(t)Jo(t) + Jo(t)J1(t)

J1()Jo(t) = Jo(t)J1(t')
t+t ' '

Ho(t,t) =
(t.t) t—t

Ku(t,t') =

(4.10)

With these formulas, one immediately obtains the solution in the Fourier space

o) = / dteiti s (b), (4.11)

27T
where
g2t Ny o0 ’ 11 ~ -7 ~
5(+t) = ——— / dt'e /2 <ei” wai Ho (2gt, 2gt') + eT0 43 K (2gt, 2gt')> :
sinh 3 553 /0
(4.12)
for t > 0.

5We assume u, 4’ € R. The branch of logarithm should be chosen appropriately.
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4.2 The dressing phase

We are now in a position to compute the dressing phase. The vacuum configuration in the
bare description corresponds to the empty state in the physical description. The physical
fundamental excitations are described by adding extra roots wyj in the bare description.
The bare configuration we studied in the last subsection corresponds to the system of Ny
excitations.

In the physical description, the scattering phase of the two fundamental excitations is
simply given by
Wy +1
W41 — Wy — 1

1 UJ41

$12=-In (4.13)

+ 20phys (w41, wa,2).

In the bare description, the same scattering phase is expressed by the difference of two
phases

P12 = 012(wa,1) — 01 (wa,1)- (4.14)

Here 415 is the total phase which the first excitation gains when moving around the chain
in the presence of the second excitation. §; is measured in the same way but in the absence
of the second excitation [B3).

The total phase is the phase of the transfer matrix eigenvalue and thus can be read
from the r.h.s. of the central Bethe equations (R.16). By substituting (B.6) (and the corre-
sponding relations for wuy j,us ), they read

yj,k ! Wy, k
Yak Wy g — Ugyj — 1

—w47j+z' _U4’j+i><

2M
o 11

Wik = Waj =15

ﬁ

itk =1
M
XH1 2/y4k352g1—[ g/y4k$2,gx
PR el RS T R S LIRS
M 2 2 /)= —
le /y“%JH g/y‘““mﬁ’j. (4.15)
j=1 1 - 2/y4kx6] j=1 1 - 2/y4km6,]
The total phase is then expressed as
. oM .
w —waji+1 1 Wy — U4+ 1
w47k — w47j —1 (3 = w47k — U47j _
2 (= (1-g*/yp 2t (u) 1—g*/yg, 2 (u)
+ —,/ In 5 i’l " 5 i’l — Pex(w)du.  (4.16)
i Jooo  |1=g%/yirat(u) 1 —g*/y;a (u)

Therefore (f.14) gives rise to

1. w1 —wap+1
¢$12 = ~In ————
i Wy —Wao — i

1—g®fyrat(u) 1—g*/ys, 2 (u)

2 o0
+—./ ID[
1 —0o0

— 14 —

1—g?/yfyat(u) 1—g¢2/ys, o (u)

] (012(u) - Ul(u)) du, (4.17)



where o12(u), 01 (u) are given by (f11)-(f.13) with Ny = 2,1, respectively. The first term
is the bare scattering phase which the first excitation directly feels against the second one.
The second term comes from the scattering of the first excitation against the stacks whose
density deviation o19 — 01 encodes the back reaction from the second excitation. From the
comparison with (JE.1J), we see that the second term plays precisely the role of the dressing
phase. By using the formulas (1.§)—(.9) again, the second term can be expressed concisely
in the Fourier space

o0 . t] o0 - [t / ~ N
20phys(wa,1, wa,2) = 292/ dtetvite= 2 / df/ et vaze= T (’C(2gt, 2gt")—K(29t', 29t)> ;
—0o — 0o
(4.18)

where
=g/

o
- . t
K(2gt,2gt") = 44° / dt" K (2gt, 2gt") tf :
0 e -

This precisely agrees with the BHL/BES dressing phase (.6).

Hn(29t",2gt") . (4.19)

5. Discussion

We have computed the two-body scattering phase of the fundamental excitations over the
physical vacuum, which precisely agrees with the BHL/BES dressing phase. By taking
account of the centrally extended psu(2|2) @ psu(2|2) symmetry, this suffices to determine
the whole 256 x 256 components of the S-matrix. From this S-matrix, one can construct the
Yang equations and derive the complete set of physical Bethe ansatz equations, as explained
in section 2. Altogether, our formulation proposes a derivation of the asymptotic all-order
Bethe ansatz equations with the BHL/BES dressing phase, purely based on the symmetry
and the integrability.

In the last section we have considered particular excited states that consist of only
N, excitations. For these states the correspondence between the bare description and the
physical one may be trivial in the sense that each extra bare root represents a physical root.
However, the correspondence is not so simple in general: When the occupation numbers
of the physical roots are still equal to that of the extra bare roots, the values of the roots
could differ. In general, addition of extra Bethe roots at nested levels partly breaks the
structure of the stacks. A single physical root sometimes corresponds to a complex of bare
roots and holes. It would be interesting to clarify the correspondence.

For the moment we do not know whether a Yang-Mills operator of finite length can be
directly realized in the bare description. A possibility is that a physical operator of length
Ley could be expressed by a state in the chain of length L+ Ley while the vacuum is defined
in the chain of length L. Of course both L and L + Ley have to be sent to infinity, but still
the difference would make sense.

We have determined our vacuum configuration as the simplest consistent solution that
generates the BHL/BES dressing phase. However, ultimately we wish to derive it as
the ground state of a certain Hamiltonian. The Hamiltonian has to be expressed in a
form compatible with the bare description, preferably in terms of the su(2|2) R-matrix.
It may be derived from the gauge-fixed light-cone Hamiltonian for the Green-Schwarz
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superstring theory in AdSs x S® [f], which exhibits the invariance under the centrally
extended psu(2|2) @ psu(2]2) symmetry when the worldsheet is decompactified [f].

Our microscopic formulation will be of fundamental use in various directions under the
latest investigation, for example, the boundary S-matrix [59], the wrapping interactions [53,
F4] and the Baxter equations [FH, ff). We hope to report the progress in these topics
elsewhere.
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A. Effective momentum phase

The centers of stacks ug obey the following effective Bethe equations

M ) .
i ®(ue,k) — H Ue,k — U6,j +Z. ’ (A1)
itk uﬁ,k —u67j —1
where
P (ugp) = F(us k) + @ (ue k), (A.2)
2M 2 /..x —
1 1 —g°/wg 2y
@i(u6 k)= = In —i] (A.3)
i ; 1— 92/x6,k xij
Note that
A | N
g/x47j:§ jing ]i§ +4g° |, (A4)
where the index j is defined as
1
Y
J =1 9
1 3 3 1
=-M+—--M+—=,.... M —=,M——. A5
oMt 5 5 (A.5)

Let us evaluate the function ®*(u) in the large M limit:

TR e T
i = 1-— gQ/ij zt(u)
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M-1/2 t24+a2—t;+0b
1 \
DS d ’ (A.6)

= - In ,
=—M+1/2 t2+a2—t]~—b
where . .
J+3 2g 2ix™ (u)
t; = =— b= A.
J M ) M? M ( 7)
In the large M limit, one can approximate the sum in ([A.4) by the integral
M ! VEZ+aZ—t+b
Ot (u) = — / Qi YL —tH0 (A.8)
tJ V2 +a?—t—b

This integral can be performed by the change of variable s = v/t2 + a2 — t. In fact,

1
/ dtln(vVt? 4+ a2 —t+0b) =

-1

VitaZ-1 s2 4 g2
N /\/1+a2+1 o <_ 25 ) tns +9)
9 9 s=V1+a?—1
1|/a a b
= - [(— — s) In(s +b) — bln(s + b) + —ln<1 + —> —i—s—i—b} . (A9)
2 |\ s b s s=vItaZ+1

Using this, one obtains

- T 9\2
<1>+(u):% 21'1n()\+Z 1+d) +1—i—
2 A —iv1+a?)?+1
N+ (WV1+a2+1)?2 6. a*/N2+(V1+a2+1)?
+ Aln — —1In . (A.10)
N4+ Wl+a2-12 A a*/XN2+ (V1+a2-1)2
where 20+ a0 )
_ xr (u :_g
A= —ib 7 YT (A.11)

¢~ (u) takes the same form with A = 2z~ (u)/M.
Let us consider the case where the coupling constant g is finite. As we take M and u
sufficiently large, we see that

Ax—, ax0. (A.12)
As a result, the phase function reduces to a reasonably simple form
M2
®(u) = 2M |2arctan % + % In (1 + F)] — 27 M. (A.13)
In the above computation we implicitly chose the branch of logarithm so that ®(u) = 0 at

u = +00. In the main text we drop the constant —2w M, which corresponds to the choice
of the branch where ®(u) =0 at v = 0.
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